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An Inelastic Damage Model for Fiber Reinforced Laminates  

Ever J. Barbero1 and Paolo Lonetti2 

Abstract 

A new model for damage behavior of polymer matrix composite laminates is presented. 

The model is developed for an individual lamina, and then assembled to describe the 

nonlinear behavior of the laminate. The model predicts the inelastic effects as reduction 

of stiffness and increments of damage and unrecoverable deformation. The model is 

defined using Continuous Damage Mechanics coupled with Classical Thermodynamic 

Theory. Unrecoverable deformations and Damage are coupled by the concept of effective 

stress. New expressions of damage and unrecoverable deformation domains are presented 

so that the number of model parameters is small. Furthermore, model parameters are 

obtained from existing test data for unidirectional laminae, supplemented by cyclic shear 

stress-strain data. Comparison with lamina and laminate test data are presented to 

demonstrate the ability of the model to predict the observed behavior. 

1 Introduction 

The advancing use of polymer matrix composites (PMC) in applications with long life 

cycles requires better analysis techniques to predict material degradation and failure. 

Experimental results show marked nonlinear effects when a single lamina is loaded by 

shear [1, 2]. Instead, lower non-linearity appears when the loading is along the fiber 

direction or transverse to it. The most common modes of failure of PMCs are fiber 

breakage, fiber matrix debonding, matrix cracks, and fiber kinking. Fabrication of PMCs 
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inevitably creates body defects in the form of matrix cracks, voids, crazes, delaminations, 

fiber-matrix debond, and so on. The evolution of such defects influence stress-strain 

response of the laminae and the maximum load that a laminate can support. The present 

paper deals with Continuous Damage Mechanics of homogenized media where the effect 

of the constituents has been averaged. Therefore, the model cannot identify individual 

failure modes. The effect of the likely failure modes is felt in the damage measures dii, on 

an average sense only. 

The proposed model is constructed coupling the damage and unrecoverable deformations 

theories using a thermodynamic formulation. A mesoscale approach is used, thus the 

constitutive equations refer to a single lamina of orthotropic material. The global 

behavior is determined assembling the contributions of each lamina using the classical 

laminate theory, modified for a continuously damaging material with plastic-like 

unrecoverable deformations. Damage and unrecoverable deformations surfaces are 

developed to accomplish good correlation with experimental observations while using a 

few adjustable parameters that have clear physical interpretation and are easy to 

determine from existing experimental data. The evolution laws are defined in standard 

and non-standard formulation for unrecoverable deformations and damage respectively. 

The principle of maximum entropy is used in order to define the evolution of internal 

variables.  

While several models are available to account damage and unrecoverable deformations 

effects for a lamina [3,4,6], the proposed model is defined in terms of fewer adjustable 

parameters. Furthermore, the parameters in the proposed model are evaluated from 

existing experimental data rather than from specialized, non-standard tests.  Although the 

model still contains five adjustable parameters, all of them can be determined from 

available experimental data. Experimental results for unidirectional laminae and 

laminates demonstrate the qualities of the proposed model. 
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2 Damage Definition 

The damage definition due to Kachanov-Rabotnov is used [7,8]. The local density of 

defects is assumed uniformly distributed in a representative volume element. Lamina 

experimental results evidence different damage modes and evolution for longitudinal, 

transverse, and shear loading [1,2]. In addition, shear loading leads to longitudinal and 

mostly transverse damage [9,10,11]. Therefore, the orientation of defects is described by 

a second order tensor with principal directions coinciding with the material coordinate 

axes of the lamina.  

The damage variables are: (a) A second order symmetric damage tensor D, defined to 

account for the anisotropic evolution of defects along matrix and fiber directions and (b) 

A scalar damage hardening parameter δ that controls the size of the damage surface. The 

evolution law is assumed to be isotropic for simplicity and due to the lack of 

experimental observations indicating anisotropic evolution of the damage surface. 

The unrecoverable deformation variables are: (c) A second order symmetric tensor εp to 

account for the accumulated, unrecoverable deformations and (d) A scalar unrecoverable 

deformation hardening parameter p that controls the size of the unrecoverable 

deformation surface. The evolution law is assumed to be isotropic for simplicity and due 

to the lack of experimental observations indicating otherwise. 

A diagonal second order tensor is chosen to describe the damage effects [ ]11 22 33, ,D d d d= , 

because it yields simplicity to the constitutive equations. A refined formulation could be 

obtained using a fourth order damage tensor [3,12,13] but it would result in greater 

complexity. The use of damage and integrity tensors describes a mapping between the 

effective  and damaged  configurations by a unique transformation → . By the 

square root theorem [14, Error! Reference source not found.], a unique transformation 

connects the damage and integrity tensor I DΩ = − . The eigenvalues of the damage 

tensor id  represent the net area reduction along the principal axis, which coincide with 

the principal directions of the integrity tensor Ω . Experimental results on a single 

composite lamina show that during the deformation, micro-cracks, voids, and defects 
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have preferential directions along which damage and unrecoverable deformation growth. 

Since they typically coincide with material axes, it is assumed that the principal axes of 

the damage tensor D are aligned with the material axes and do not necessarily match the 

principal directions of stress. The effective stress is defined [16] as 

 ( ) ( ) ( )1 11 1 1( )M D I D I Dσ σ σ σ
− −− − − �= = Ω ⊗Ω = − ⊗ −��

 (1) 

where M is a fourth order tensor called the damage effect tensor. By the symmetry of 

theσ and σ  tensors, the damage effect tensor M is doubly symmetric. An explicit 

expression is then found in contracted notation [17] as 
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In terms of Eq. (2), Eq. (1) reduces to the following explicit relationships 
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where prime indicates the elastic, recoverable part of the strain. 

3 Constitutive Model 

General coupled elastoplastic and damage theory [18,19,20] allow us to write the total 

strain tensor ε  as sum of unrecoverable and elastic strains. The inelastic process is 
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modeled introducing a set of internal variables that describes the unrecoverable and 

damage behavior of the material. The Helmholtz free energy is a function of internal 

variables, elastic strain, and temperature. The Helmholtz free energy is postulated to be 

sum of two terms, the strain energy ( ), ,p Dϕ ε ε  and the dissipation energy ( ),pπ δ  [5,6]  

 ( ) ( ) ( ), , , , , , ,p pp D D pψ ψ ε ε δ ϕ ε ε π δ= = +  (4) 

where pε , D are the unrecoverable strain and damage second order tensors and p,δ  are 

the hardening parameters. The strain energy can be assumed to be  

 ( ) ( ) ( )( )1, ,
2

p p pD E Dϕ ε ε ε ε ε ε= − −  (5) 

where the E(D) is a fourth order tensor that expresses the damaged stiffness of the 

material. The damaged stiffness tensor is defined according to the principle of equivalent 

elastic energy [21,22], which states that the elastic energy of the damaged material is the 

same in form as that of an effective material except that the stress tensor is replaced by 

the effective stress  

 ( ) ( ) ( ) ( )1 11 1 11 1 1,0
2 2 2

E E M E Mϕ σ σ σ σ σ σ σ
− −− − −= = =  (6) 

The damage stiffness tensor is written in terms of the effective stiffness tensor E M EM= , 

which is a fourth order tensor, quadratic in the damage variable D. In terms of the Eq. (2), 

we get the stiffness tensor explicitly as  
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and the compliance tensor as C=E-1. The dissipation energy ( ),pπ δ  can be separated into 

in two terms, which express the evolution of the damage and unrecoverable deformation 

surfaces 

 ( ) ( ) ( ),p R pπ δ γ δ= +  (8) 

Here, we postulate that  

 ( ) 2
1

1
2

pR p c p= −  (9) 

and 

 ( ) 1
2

expc c
δγ δ �= ��

 (10) 

where 1
pc , 1c , 2c  are material parameters. Since the function ( ),pπ δ is assumed to be 

convex, its second derivative must be positive. Therefore, the material constants must 

satisfy the following conditions 1 2 10 ; 0 ; 0pc c c> < >  [Error! Reference source not 

found.]. The conjugate thermodynamic forces associated to the cinematic variables 

( ), , , ,p p Dε ε δ  are 
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Using Eq. (7), explicit expressions for the thermodynamic forces are found as 
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and Y3=0 for a state of plane stress. Considering the principle of maximum entropy [24] 

and using the Lagrange minimization method the evolution equations can be defined as 
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where pλ� , dλ� are the damage and unrecoverable deformations multipliers, pg df are the 

dissipation potentials. In addition, the unloading conditions follow directly from the 

Kuhn-Tucker optimality conditions [24] as  
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4 Damage Domain 

Next, the damage surface and the dissipation potential are written in the thermodynamic 

variables domain Yi, which in thermodynamic sense are the conjugate variables of the 

damage tensor D [Error! Reference source not found.]. The damage surface limits the 

state for which the material experiences no damage. A non-standard formulation is then 

used to define the damage function dg and potential surface df as  

 ( )
( ) ( )

0 0

0 0

( ) ( ) ( )

( ) ( )

d

d

g g Y Y J Y H Y

f f Y Y J Y

γ δ γ γ δ γ
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= − − = ⋅ ⋅ + ⋅ − +

= − − = ⋅ ⋅ − +
 (15) 

where J and H are fourth and second order tensors respectively, 0γ  is the damage energy  

threshold.  The tensors J and H are material dependent. It is worth noting that the linear 

term in Eq. (15) allows us to take into account different behavior of the composite lamina 

in tension and compression. The coefficients in the tensors J and H are univocally 

determined in terms of material properties as explained in Section 7. The damage domain 

surface gd in Eq. ((15) has the shape of the Tsai-Wu surface when the first of Eq. (15) is 

written in stress space [Error! Reference source not found.] 
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 The Tsai-Wu criterion is recovered when the last term on the right hand side is set to 

one. The magnitude of the last term affects the size of the damage surface but its shape 

remains similar to that of a Tsai-Wu surface. Since the Tsai-Wu criterion predicts ply 

failure, the damage surface coincides with ply failure when the last term is equal to one. 

When γ(δ)=0, the last them reduces to γ0. Thus the initial size of the surface Eq. (16) is 

smaller and it represents the loci of stress at which damage starts. For the sake of 

simplicity, it is assumed that the shape of the damage domain remains the same while its 

size grows until it reaches the Tsai-Wu criterion at ply failure.  

The evolution of the damage is governed by a hardening function that involves two 

variables 1c , 2c , which are material dependent. The proposed damage hardening function 

is given by Eq. (10). The consistency condition ( 0d dg g= =� ), and the normality rule Eq. 

(13), used in the CDM framework [25,26] allows us to derive the following equation in 

terms of the damage and unrecoverable deformations multipliers dλ� pλ� , using  
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5 Unrecoverable Deformations Domain 

Unrecoverable deformations of composite materials are more evident for shear loading 

than longitudinal and transverse loading [2]. The unrecoverable strain evolution is 

realized by the classical plasticity formulation [20]. The loading surface and the 

dissipation potential are identical in the effective stress space, thus following a standard 

formulation. A Tsai-Wu surface is chosen because of its ability to represent different 
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behavior among the different load paths in stress space. Therefore, the loading surface 

used herein is  

 0( ) ( )pg g R p Rσ= − −  (18) 

where the unrecoverable deformation domain is defined in effective stress space as  
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and 0R is the unrecoverable deformations threshold. The parameters iF  are material 

dependent and represent the strength values in tension, compression and shear for a single 

composite lamina. These values are tabulated in literature [17,27], or they can be easily 

obtained following standardized test methods [28]. Unrecoverable deformation hardening 

is modeled by a simple function (Eq. (9)), thus requiring the minimum number of internal 

parameters to describe it. As before, by the consistency condition ( 0p pg g= =� ), the 

normality evolution rules, and the effective stress concept, it is possible to obtain the 

following relations  
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in which the damage and unrecoverable deformation multipliers pλ� , dλ�  are the unknown 

quantities. Solving the linear system defined by Eq. (17) and (20), it is possible to 

determine the values of pλ� , dλ� , which define the damage and unrecoverable deformations 

evolution laws.  
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6 Laminate Model  

The model presented so far predicts the behavior of a single lamina. Classical laminate 

theory is used next to introduce the damage and unrecoverable effects in the constitutive 

equations for a laminate [17]. Damage and unrecoverable effects are introduced so that 

stress redistribution among various layers in a laminate is properly accounted for. The 

stress-strain relations in the material coordinates for the top or the bottom surface of a 

single lamina are 
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 (21) 

where the supercripts d, p, refer to damage and unrecoverable effects, respectively, and 

superscripts t, b refer to top and bottom, respectively. In the framework of the classical 

plate theory (CPT) the kinematic variables are the mid-plane strain and curvatures. The 

elastic-damaged terms of the reduced stiffness matrix are defined by a linear function of 

the material property of top and bottom surface of the k-th lamina as  

 ( ) ( )( ) ( )
( ) ( )

d t d b
ij k ij kd d b b

ij ij k kt b
k k

Q Z Q Z
Q z Q Z z Z

Z Z

−
= + −

−
 (22) 

where an over-bar ( ) indicates quantities in the global coordinate system of the laminate. 

Such quantities are obtained by standard coordinate transformation [17] of Eq. (21). The 

tension σi over the lamina is a linear function of the top and bottom values of the stress, 

given by  

 ( ) ( )( ) ( )( ) ( )
t b

b bi k i k
i i k kt b

k k

Z Zz Z z Z
Z Z

σ σσ σ −
= + −

−
 (23) 

To assemble the total stiffness of the material we use the definition of force and moment 

resultants (Eq. 6.11 in [17]). Therefore, the laminate constitutive equations become 
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where the coefficients are computed in terms of the damaged values of the reduced 

stiffness coefficients in global coordinates ,
d
i jQ using the standard equations (Eq. 6.16 in 

[17]). Noting that the damage and unrecoverable effects are piecewise linear functions 

through the thickness of the laminate we obtain the following explicit equations for the 

coefficients of the laminate stiffness matrices  
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7 Internal Material Constants 

The constitutive model developed in the previous sections involves a series of parameters 

that are material dependent and remain constant during the analysis, as follows: J and H 

are tensors that control shape of the damage and the potential surfaces, 0R and γ are the 

damage and unrecoverable deformations thresholds, 1c , 2c , 1
pc  are the damage and 

unrecoverable hardening constants. Since both J and H are diagonal tensors, only eleven 

coefficients need to be found (only nine for plane stress). While several formulations 

exist for the J tensor [29], they involve a large number of parameters that, although 

increase the accuracy, significantly increase the complexity of parameter identification 

and consequent testing. With the addition of the H tensor, the damage surface can be 

written in stress space as the Tsai-Wu surface. In this way the coefficients in the J and H 

tensors can be uniquely obtained in terms of the strength values Fi of the unidirectional 

lamina, which for the most part are available in the literature.  
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Writing the gd function for longitudinal uniaxial tension and compression, Eq. (15)

becomes  
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Equation (26) represents a linear system in which 1tF  and 1cF are the longitudinal 

compressive and tension stress of a single composite lamina, the values 11J  and 1H are the 

unknown quantities, while the quantities 1cΩ  and 1tΩ are the critical tension and 

compression values of the integrity tensors. Comparing the Tsai-Wu criterion to the 

linear system Eq. (26) at failure, we set ( )0γ γ∗ +  equal to 1. Hence, there are two 

equations that allow us to solve for the two parameters J11 and H1.  

In the transverse direction the damage function Eq. (15) reduces to  
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In this way it is possible to express 22J  in function of 2H  by the following equation  
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Considering inplane shear loading and Eq. (15), we get the following equation  
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Here F6 value is the shear strength for a single composite lamina, while 1sΩ  and 2sΩ are 

critical values of the integrity tensor at failure for a state of in plane shear stress. Since 

the shear response of a fiber-reinforced lamina in a material directions is independent of 
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the sign of the shear stress, the coefficient of the linear term in F6 of the Eq. (29) must be 

zero, leading to a relationship between H1 and H2, namely  

 
2
21 2

2 1 12 2 2
1 2 1

0 s
s

s s s

H H H H r HΩ
+ = = − = −

Ω Ω Ω
 (30) 

where 
2

2
1

s
s

s
r Ω�= � Ω�

 is an intermediate constant. Then H2 can be written as a function of 

the rs, and Eq. (29) becomes  

 ( )2 2 2 2 *11 6622
6 0 1 2 12 12

2 1 ; /s
s s s

s s s s

J r CJ F k G G
k k r k

γ γ+ = + = = Ω Ω =  (31) 

where *
12G is the unloading damaged shear modulus prior to imminent failure (e.g., last 

unloading curve in Fig. 1). Since J11 is known from Eq. (26) and ks
2 is a known constant 

(see Sect. 8), using Eq. (28)and (31), it is possible to determine J22 and H2. Thus, all the 

coefficients in the tensor J and H are found in term of known parameters Fi and Ωi.  

8 Critical Damage Parameters 

The critical integrity parameters Ωi introduced in the previous section represent the 

values of the integrity components when the material is near failure. They can be 

evaluated by formulas based on experimental results and analytical procedures.  

In a pure in-plane shear test, and using Eq. (3), the unloading shear stress-strain path just 

prior to failure (Fig. 1) can be described in terms of either the damaged or the undamaged 

(i.e., virgin) shear stiffness as 

 * 1 1
6 12 1 2 6 12 1 2 6 6 6 62 ' 2 ' ; ' p

s s s sG Gσ ε ε ε ε ε− −= Ω Ω = Ω Ω = −  (32) 

which defines the known coefficient ks used in Eq. (31) in terms of experimental data. In 

this way, the product of 2
1sΩ and 2

2sΩ  represents the ratio between the damaged shear 

modulus (unloading) at imminent failure and the virgin state value, both of which can be 

determined by experimental inplane shear data for a unidirectional composite lamina. 
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On the longitudinal direction, the probability of failure of a fiber in a composite lamina 

can be expressed by the Weibull statistic distribution [30]. The probability for unbroken 

fibers is    

 ( )
0 0

1 1 exp
m

uP F
L
δ σσ

σ

� � �
�= − = − − � �
� � �	

 (33) 

where 0<Pu<1, σ is the stress in the unbroken fibers, δ is the shear lag length, 0L  is the 

length of the test fiber used to obtain the Weibull parameters 0σ  and  m, which represent 

the dispersion of fiber strength. The bundle stress is b uPσ σ= . At fracture, the bundle 

stress σb has a maximum. Solving for the fiber stress σ, the critical value of fiber stress is 

 
1/

0
0

m

c
m

L
δσ σ

−
�

= �
�

 (34) 

The bundle strength can be found by substituting Eq. (34) back into b uPσ σ= . The critical 

damage D1t at fracture is the ratio of broken to original fiber area, which is found from 

Eq. (33) and (34) as  

 1
11 exptD

m
−�= − �

�
 (35) 

The Weibull dispersion parameter is available from the literature for most types of fibers 

[34,35,37]. 

For longitudinal compression, the damage critical value can be evaluated accounting to 

the microbuckling and misalignment of the fiber. Fiber misalignment, which is strongly 

dependent on processing conditions and can be considered as an inherent defect, 

increases the possibility for the fiber to buckle. For each misalignment angle θ , the 

composite area-fraction with buckled fiber ( )ω θ  corresponding to fibers with 

misalignment angle greater then θ , can be taken as measure of damage. Since the fiber 

misalignment distribution is Gaussian, the critical compressive damage 1cD  is  
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 ( )1 1
2cD erf θω θ
∗

∗ �
= = − �� Λ�

 (36) 

where erf(-) is the error function, Λthe standard deviation of the actual Gaussian 

distribution of fiber misalignment, and θ ∗ is the critical misalignment angle at failure [31, 

32]. The value of Λ can be measured experimentally [33] or computed in terms of 

experimental values for F1c, F6, and G12 using Eq. (4.74-4.75) in [17].  

In the transverse direction, it possible to think of the matrix as a periodic link structure 

enclosed between fibers. Assuming a constant probability distribution for the failure of 

the matrix link is possible to derive the maximum admissible strength for the bundle 

matrix [5]. The ratio between the broken links and the initial ones can be considered a 

measure of damage. Therefore, the critical damage value is 

 1c
1D
2

=  (37) 

9 Model Identification and Validation  

Unidirectional lamina experimental data for two materials, Aramid/Epoxy and 

Carbon/Epoxy are used to obtain all the parameters required in the model [2]. Laminate 

and off-axis experimental data for the same materials is then used to demonstrate the 

predictive capabilities of the proposed model. 

In-plane shear experimental data of unidirectional composite in Fig. 1 is used to adjust 

the model parameters for Carbon/Epoxy T300/915. The material properties are given in 

Table 1.  The intermediate parameters, determined completely in terms of the materials 

properties are given in Table 2. The adjustable model parameters, determined with the aid 

of the shear stress-strain plot, are given in Table 3. The model is used to predict the 

amount of unrecoverable strain, and the results are compared with experimental data in 

Fig. 2. The predicted damage evolution is shown in Fig. 3. Failure is predicted to occur 

when the transverse damage d2 equals the critical value D2t, as shown in Fig. 3. In the 

actual test, the sample failed at about 3% shear strain, in good agreement with the 
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predicted value of strain at failure. Next, the model is used to predict the monotonic 

loading behavior of a [45/-45]2s laminate, which compares favorably with cyclic 

experimental data in Fig. 4. Comparison between predicted and measured unrecoverable 

strain vs. total shear strain is shown in Fig. 5. Comparison between predicted and 

measured axial stiffness vs. total axial strain of a [45/-45]2s is shown in Fig. 6. 

Experimental data for unidirectional Aramid/Epoxy loaded with cyclic in-plane shear is 

used to adjust the model parameters, as shown in Fig. 7. The model is then used to predict 

the amount of unrecoverable strain, and the results are compared with experimental data 

in Fig. 8. The predicted damage evolution is shown in Fig. 9. The Aramid/Epoxy failed in 

shear at about 3% shear strain, when the predicted longitudinal damage d1 is 90% of the 

critical value D1c=0.114. Next, the model is used to predict the monotonic loading 

behavior of a 10-degree off-axis lamina, which compares favorably with cyclic 

experimental data in Fig. 10. Also, the model is able to accurately predict the 

accumulated unrecoverable strain of the 10-deg off-axis test, as shown in Fig. 11. 

10 Summary  

The procedure used to adjust the model parameters is summarized in this section. The 

model parameters describe damage and unrecoverable deformation respectively.  

The damage evolution parameters c1, c2, control the damage evolution by Eq. (10). The 

damage threshold γ0 represents the initial size of the damage surface. No damage can 

occur until the thermodynamic forces Y reach the damage surface. These three 

parameters are adjusted with the monotonic loading part of the shear stress-strain 

diagram, such as the top curve in Fig. 1.  

The unrecoverable deformation parameter 1
pc  controls the evolution of unrecoverable 

strain. The threshold parameter Ro represents the initial size of the unrecoverable 

deformation surface (yield surface). These two parameters are adjusted with the 

experimental unrecoverable deformations resulting from unloading, such as those read 

from unloading in Fig. 1 and plotted in Fig. 2.  
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The influence of these parameters on the predictions is discussed next, using T300/915 

material as an example. The performance of the model is measured by the χ2 statistical 

measure of the difference between the predicted values pi and the experimental values ei 

during an appropriate test over which the values have significant influence. The statistical 

measure is defined as follows 

 
( )2

2
2

i i

i

p e
e

χ
−

=  (38) 

First, the damage evolution parameters (c1, c2, γ0) are varied within one order of 

magnitude around the optimum values previously determined in Sect. 9, while keeping 

the unrecoverable deformation parameters fixed. Equation (38) is used to evaluate the 

error in predicting the loading portion of the shear stress-strain curve (e.g., top curve in 

Fig. 1). It can be seen in Fig. 12 that the error of the prediction, as measured by Eq. (38), 

has a minimum for the optimum values of c1 and c2. Any deviation from those values 

results in a clear loss of accuracy.  

Form Eq.(10) and (15), setting the damage threshold γ0<–c1 starts damage immediately 

(δ=0). Larger values can be used to delay the onset of damage when it is necessary, but 

for T300/915, damage must start immediately in order to yield curvature to the stress-

strain loading curve from the onset of loading, as shown in Fig. 1.  

Keeping the damage evolution parameters fixed, the unrecoverable deformation 

parameters ( 1
pc , Ro) were varied within one order of magnitude around the optimum 

values previously determined in Sect. 9. Equation (38) is used to evaluate the error in 

predicting the unrecoverable deformations (e.g., Fig. 2). It can be seen in Fig. 13 that the 

error of the prediction, as measured by Eq. (38), has a minimum for the optimum value of 

1
pc . The unrecoverable deformation threshold R0 controls when unrecoverable 

deformations start accumulating (see Fig. 2).  

The internal material constants J11, J22, H1, H2, rs, and ks, are used to write the model 

equations in a concise form. These are not adjustable model parameters since their values 
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are univocally determined in terms of the available material constants F1t, F1c, F2t, F2c, 

F6, G*12 (see Section 7) and the critical damage values D1t, D1c, D2t (see Section 8). 

The later are fixed values in terms of material constants m and Λ as described by Eq. (35)

, (36), and (37). The Weibull dispersion of fiber strength m and the misalignment angle Λ 

are available from the literature [9,34,35,37] and well-established procedures exist to 

measure them for new materials [33,36]. Finally, the material constants E1, E2, G12, and 

ν12 are readily available. The only information that is not readily available is the shear 

stress-strain plot, as in Fig. 1. The loading part of the plot is necessary to adjust the 

damage evolution parameters (c1, c2, γ0). The unloading part of the plot is necessary to 

adjust the unrecoverable deformation evolution parameters ( 1
pc , Ro). Such plot can be 

determined experimentally using a shear test fixture such as described in ASTM D5379. 

11 Conclusions 

The proposed model predicts the damage and unrecoverable deformations phenomena of 

a laminated composite material under proportional loading. A limited number of internal 

variables are used in the model to represent the evolution of the damage and 

unrecoverable deformations phenomena. Comparisons between experimental data and 

model predictions are good in terms of damage and unrecoverable deformations 

evolution. Some further development and improvements are envisioned to account for 

closure during unloading.  Also, further validation would be useful as additional low-

cycle stress-strain data becomes available.  
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Table 1. Material properties. 

 
Property Carbon/Epoxy T300/915 Aramid/Epoxy 
E1 [GPa] undamaged 142.0 73.4 
E2 [GPa] undamaged 10.3 5.5 
G12 [GPa] undamaged 7.29 3.65 
G12 [GPa] damaged= 3.71 2.21 
ν12 undamaged 0.27 0.34 
F1t [MPa] 1839 1137.1 
F1c [MPa] 1096 212.5 
F2t [MPa] 57 27 
F2c [MPa] 57 27 
F6 [MPa] 86 47 
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Table 2. Intermediate parameters univocally determined in terms of 

the material properties given in Table 1. 

 
Property Carbon/Epoxy T300/915 Aramid/Epoxy 
J11 0.2523910783 10-14 0.4647013345 10-13 
J22 0.1166642654 10-12 0.1380462161 10-12 
J33 0 0 
H1 0.1297694304 10-7 0.7518017147 10-6 
H2 -0.7554463738 10-8 -0.3245140897 10-6 
H3 0 0 
ks 0.515 0.605 
rs 0.581 0.416 
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Table 3. Model Parameters 

 
Property Carbon/Epoxy T300/915 Aramid/Epoxy 
c1 0.17 0.1 
c2 -8.9 105 -4.0 105 
γ0 -0.2 -0.3 
C1p 1.2 10-6 1.5 10-6 
R0 0.25 0.5 
 
 
 
 


